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This examination paper contains three parts: (A) Discrete Mathematics; (B)
Linear Algebra; and (C) Probability. Please choose any two parts to test. If

all parts are chosen, the answers of the part that appear as the
answer sheet will be ignored.

Part (A): Discrete Mathematics

1. Prove that if n and k are positive integers withn = 3k, then nl/3* is an integer.

(5%)
2. How many arrangements of the letters in MISSISSIPPI have no consecutive S{s‘?
(5%) Pv% T

Zolt

3. Letp, g be primitive statements for which the implication —E—;E is false.";y(:5 ?
Determine the truth values for each of the following. (a) pAg (b) —pvgq (c) g—=>p
(d) = g =>—p. (5%), T F T

4. Usethe SEletiﬁltion rules to verify that each of the following is a tautology.
(Here p, g, and r are primitive statements.) (2) [pv(gAn)]v—[pvigrn)] (B)

[(pvg)—>rieol-r >Vl (5%)
5. Let p(x) be the open statement “xf
Determine whether each of the following statements is true of false. (a) p(1) (b)
p(-2) ©) 3xp(x) (@) V x p(x) (5%)
6. (a) Determine the sets 4, B where 4 -B={1,3,7,11}, and B-4 ={2,6,8}, and
AnB={4,9}. (b) Determine the sets C, D where C —-D={1,2,4}, and D-C={7.8},
and CuD={1,2,4,5,7,8,9}. (5%)
7. Prove the following by zathematical induction. (5%) 5
L | n o 2
%i . @ ;i(iﬂ):mlakg}t(fn - %*‘/b:%s, 3
(b) 1-3+2-4+3-5+---1;(>ﬁ2-'l- 2) = (n)(n+1)(2n +7)/6
8. Determine whether or not each of the following relations is a function. If a

relation is a function, find its range. (5%) p

(2) {(xy)| xyeZ, y=x"+T}, a relation from Z to Z.
(b) {GexyeR, y*=x}, a relation from R to R.

(©) {(xy)|x.yeR, y=3x+1}, arelation fromRto R.
(@) {xp)|xyeqQ, O+ y2=1 }, arelation from Q to Q.
{e) R is a relation from 4 to B where |4|=5, |B[=6, and |R[=6.

Let M=(S,I,0,N,T) be a finite state machine where S={so, 51, 52, 83}, I= {a,b,c},
0={0,1}, and N, T are determined by the following table.
N T

a b c

So | So 83 $2

S St 5 853

<=
Ty ot ;| st st 83
< 83 52 83 So 1 1 .

(a) Starting at s, what is the output for the input string abbccc? (b)Draw the

—_ O O N

O = O
O = =0

state diagram for this finite state machine. (5%)

10. For Z={0,1}, let AcY’ be the language defined recursively as follows: (1) The
symbols 0, 1 are both in 4 — this is the base for our definition; and (2) Foe each
word x in 4, the word Ox1 is also in A — this constitutes the recursive process.
(a) Find four different words — two of length 3 and two of length 5 —in A. (b)
Use the given definition to show that 0001 111 isin 4. (5%)

37d order in the

vag) >V &

=2x,” where the universe comprises all integers.
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Part (B): Linear Algebra

1. Consider the following matrix A:

1 -1 0 : N
A=|-1 2 -1 /X?ﬁx%
Ki=—% =X3

0 -1 1| & >
Determine the eigenvalues and the corresponding eigenvectors of A. (12%)

Determine the rank of A. (5%)

® Does every singular matrix have zero as one of its eigenvalues? (3%) If so,
explain why. (4%)

2.  Consider the problem of solving a linear system Ax =b:

L

© Tllustrate (1) the column space of A on your answer book. (6%). Show
that the above system is inconsistent. (2%).

@  Use the least square method to get an optimal solution for this problem.
(Hint: obtain pseudo inverse of A). (12%) ,

® In your previous illustration, show that the optimal solution is the

orthogonal projection of b in the column space. (6%)
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Part (C): Probability

Multiple Choice:

In the following, there are 10 problems. Each of them has only one correct choice and scores
5 points. Making a wrong choice on a problem, you will get —2 points for that problem. The
minimum score of this test is zero.

Answer problem 1 and 2 using the following problem setting:
Let X be a random variable with pdf f(z) = kz*~1,0 < z < 1 and E[X] = 2/3.

1. The value of k =? (a) 0.5; (b) 1; (c) 1.5; (d) 2.
9. The value of Var[X] =? (a) 3/18; (b) 5/18; (c) 7/18; (d) 9/18.

Answer problem 3 and 4 using the following problem setting:
Let A and B be two events with P(A) = 0.4 and P(B) = 0.5.

3. if A and B are independent, then P(AU B)=? (a) 0.9; (b) 0.8; (c) 0.7; (d) 0.5.

4. If AU B = 0.6, then P(A’U B) =7 (where A’ denotes the complement of event A) (2) 0.9; (b) 0.8; (c)
0.7; {(d) 0.5.

Answer problem 5 and 6 using the following problem segting:
Let X be a random variable with pdf f(z) = fge‘zz/ 20" > 0.

5. Suppose that X is used to model the life time of a component. Then, the corresponding failure rate
2 2
h(z) =? (a) %&; (b) & (0) 5 (D) 502
6. Let Y = g(X) be a function of X. Then, which of the following functions makes Y to be uniformly
distributed in [0,1]7 (a) g{X)=1— %ae"xz/%g; (b) g(X)=1—- %e'xz/z"'; (c) g(X) = 1—eX*/2%,;
(d) g(X) =1 — XeX*/27",

1 3 os ‘. k6 2. Gke=0 5. 5kes 5, kg5
7. T 2Bzte™2dr =7 (a) ZT, (b) l_z_k'_; (c) ZT—, (d)1- o
" J0 k=0 k=0 k=0 k=0

8. Suppose that n independent trials, each of which results in any outcomes of 0, 1, or 2, with probabilities,
0.3, 0.5, and 0.2 respectively, are performed. Let A denote the event that both outcome 1 and outcome
2 occur at least once. Then, (a) 0.82 < P(A) < 0.84; (b) 0.84 < P(A) < 0.86; (c) 0.86 < P(A) <0.88;
(d) 0.88 < P(A) < 0.90.

9. A box contains 3 red balls and 2 black balls. Now, two balls are selected without replacement. Let X
and Y denote the numbers of red balls and black balls, respectively. Then, the correlation coefficient

px,y =7 (a) —1; (b) 0; (c) 1; (d) 3.

10. The joint probability function of X and Y is given by f (z,y) = e~ 1,0 < z < 00,0 <y < oo. Then,
PX+Y >1)=?(a) el +e2 (b) e —e7%; (c) 2¢7%; (d) e L.
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