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1. Determine the number of nonnegative integer solutions to the pair of equations. (8%)
x;+x+x3=6 and x;tx;tXxztxXsTXsT 15, for x; =0, 1 <i <5

2. In the following program segment, i, j, k, and counter are integer variables. Determine the value that the
variable counter will have after the segment is executed. (7%)

counter =10
for i:=1to 15 do
forj:=ito 15 do
for k:=jto 15 do
counter := counter + 1

3 The connective "Nor" or "Not ... or..." is defined for any statements p, g by (pvg)=—(pV 9.
Represent the following using only this connective. (9%)

(@ —p ®) pVgq (c) pAg

4. LetS={1,2,3,...,29,30}. How many subsets A of S satisfy
(@) |A|=57 (2%)
(b) | A| =S5 and the smallest element in A is 5? (2%)
(¢) |A|=5 and the smallest element in A is less than 5?7 (4%)

5. Tn a certain area of the countryside are four villages. An engineer is to devise a system of two-way roads
so that after the system is completed, no village will be isolated. In how many ways can he do this? (8%)

6. Design a finte-state machine according to the given properties. The input is always a bit string.

(a) Outputs 1 whenever it sees 101; otherwise, outputs 0. (5%)
(b) Outputs 1 when it sees 101 and thereafter; otherwise, outputs 0. (5%)
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1. Write the words in the blanks on the answer sheet [2% each]
® Suppose the product of A and B is the zero matrix: AB = 0. Then the (1) space of A contains the
(2) space of B. Also the _(3) space of B contains the _(4) space of A.
® Ifv,, v, v3 form a basis of R®, then the matrix with those three columns is _(5)
® Ifv,, vy, V3, V4 Span R’, give all possible ranks for the matrix with those four columns:_(6) .

2. Suppose the 7 by n matrix 4, has 3’s along its main diagonal and 2’s along the diagonal below and the

(1,n) position:

A4=

N W O
S O N

0
0
3

S N W

0 0 2 3]
Find by cofactors of row 1 the determmant of A4 [2%] and then the determinant of 4, for n > 4 [2%].

3. Py: x+2y-3z=0 defines a plane in R>. Find a basis that spans the subspace [4%].

P,: x + 2z =1 defines another plane in R®. Find the general (complete) solution of the intersection of
P, and P, [4%]. Does this intersection define a subspace in R*? Why or why not? [2%]

4. Let S be the subspace of R? spanned by (1 2 2)and (5 4 -2).
Find an orthonormal basis q, g, for S by Gram-Schmidt [4%].
Write down the 3 by 3 matrix P which projects vectors perpendicularly onto S [4%].
For any vector b in R?, show that the properties of P lead to the conclusion that Pb is orthogonal to

b - Pb [2%].

5. The following matrix is a projection matrix:

1 2 -4
P=i-2 4 -8

| 21
_4 -8 16

(a) What subspace does P project onto? [3%]
(b) What is the distance from that subspace to b = (1 1 1)?[4%]

(c) What are the eigenvalues of P? [3%] Is P diagonalizable? If yes, factor the matrix into P = SAS ™" [4%].






