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PART I: Discrete Math

1. Find a proposition with three variables p, g, and r that is true when exactly one of the three variables is true,
and false otherwise. (3%)

2 Prove or disprove: if p is prime and p > 2, then p? + 4 is prime. (3%)
3. Find the prime factorization of 8,827. (3%)
4. G‘ive an example of a function f : Z — N that is both _171 and onto N. (3%)
5. Prove or disprove: If f(n) =n%—n +‘ 17, th\e;n f(n) is prime for all positive integers n. (3%)
6. Prove or disprove: if A, 3, and C are sets, then A — (BN C); (A-B)n(A-C). 3%)

7. What is the most efficient way to multiply the matrices Ay, A2, Az of sizes 20 x 5, 5 x 50, 50 x 57 (3%)

m
9. Let A= . Find A™ where n is a positive integer. (4%)

0 1

10. Find the coefficient of #8 in the expansion of (z2 + 2)!3. (3%)

8. Express gcd(84,18) as a linear combination of 18 and 84. (3%)
|

i ,

} 11. Find thesum 1 - 1/2+1/4—-1/8 +1/16 — ---. (3%)

|

| 12. How many permutations of the seven letters A, B,C, D, E, F,G have the two vowels before the five consonants?
i (3%)

|

|

13. A club with 20 women and 17 men needs to choose three different members to be president, vice president,

and treasurer.

(a) In how many ways is this possible? (2%)

(b) In how many ways is this possible if women will be chosen as president and vice president and a man as

treasurer? (2%)
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Suppose |A| = 4 and |B| = 10. Find the number of 1-1 functions f : 4 = B. (3%)

. Using the ordinary alphabet and allowing repeated letters, find the number of words of length 8 that begin

with L or end with R. (3%)

Suppose |A] = n. Find the number of binary relations on 4. (3%)

PART 1I: Linear Algebra

I. (20%) True/False Problems: Indicate true () or false (X) for each below statement.

1.

2.

3.

<

10.

(2 points each, and with penalty of —0.5 point for each incorrectness.)

Square matrices A and B are invertible if and only if AB is invertible.
If V is spanned by k Vect,ors,. dim(V) < k.

If U is an m x n matrix with orthonormal columns, then U Ty =1.

If U is an m x n matrix with orthonormal columns, then UUT = I.
Similar matrices have the saine eigenvalues.

Similar matrices have the same eigenvectors.

If A and B are similar matrices, and Av = 0, then Bv = 0 as well.

Suppose A and I arc 5 x 5 matrices and that rank(A) = 3 and nullity(B) = 2. Then rank(AB) is at least
3.

Let A and B be n x n matrices; with AB = BA. Then A3 = BA3.

If V is an inner product space and u,v € V satisfy (u,v) = 0, then either u = 0 or v = 0.
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I1. (30%) Multiple-Choice Problems: Provide a correct choice for each of the following problems.

(3 points each, and with penalty of —1 point for each wrong choice.)

1. Let V be the set of all positive real numbers and W be the set of infinite sequences of real numbers satisfying
(a1,as,...,an,...) € W if and only if a, = 2a,—1 — 3an—3, for ali n > 2. Operations on V and W are defined

as {ollows:

V. vy + vy = vvg, for all v, €V
kv=1vF forallke RveV
W For all (a1,a2,...,an,..'.),(bl,bg,.;.,bn,...) ew
(a1,02,...,Gn,...) + (b1, ba, ... bn,...) = (a1 + b1,02 + b2y ..., 00 + b, )
k(ay,a2,...,0n,...) = (kay, kas,... kan,.. ) forallk € R
With these definitions, which of the following statements is true: (a) V is a vector space, W is not; (b} W

is a vector space, V is not; (c) both V and W are vector spaces; (d) neither V nor W is a vector space; (e)

none of these.
2. Which of the following functions are linear transformations from R® to R%:

@ R4 (v) is a rotation qf any v € R? around the axis z = y = z by angle a.
@' S(v) = 2v, for all v € R®.

| (:c \ /2m—3y+z\
Tl v | = y+z .
\?/ \ oz )

T \ ( 2z -3y + 2 \
¥y | = y+=z
z

)\ 14z )

iv) U

(a) i, iit; (b) ii; (c) 1, ii, iii; (d) i, iii, iv; (e) i, i, i, iv.

3. Consider the following sets of vectors:

Sy = {(1,0,17,(2,1,1)7,(1,1,007}

: S‘Z = {(2= LO)Ta (3v '—2a O)Ta (0) 1)0)T}

S3 = {(1,-1,07,(0,1,-1)7,(2,0,2)"}
3
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. Let o and B be the eigenvalues of the 2 x 2 matrix A = [
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27
Of these sets, those which are bases of R3 are: (a) All of them; (b) Si, S3; (c) S2; (d) S3; (e) none of them.

bgee
i‘; ;12} Then, (o — 8)? = (a) 16; (b) 25; (c)

36; (d) 49; (e) 64.

If Az = b has a unique solution, and A is 4 x 4 and b is 4 x 1, which of the following statements is False? (a)
v
det(A) = 0; (b) rank of A = rank of [A|B]; (c) Az = 0 has a non-trivial solution; (d) Az = 0 has a unique

solution; (e} = = A~1b.

If A, B,C are square invertible matrices and ABC = I, then B Vis: (a) A7IC™Y (b) C 1475 (€) CA4; (d)
AC; (e) none of these.

. Which of .the following forms an orthonormal basis for R3?7

( 1
EAWEIRWES S 1) (o
i 1 .
(3) 24 «\/? s ﬁ 3 0 7 (b) 0 3 2 ’ ’
s/ \H/\ %) 0) \o) \3
([ L 2\ _2 2 i 2
) EAVEA ( 7 3 ] 3
1 _ 1 2 1. 2 2 1
(C) \/§ b \/6 b] \/5 ] (d) 3 3 3 ’ 3
s/ \ -5/ \-&) P ) \3)\ 2
(e) none of these.
[ a1 az a3 a4 | | [ dy  dy dy dy |
by b by b ' 2 2
A= R , and det(A) = 10, then the determinant of bi 252 2bs 2bs is
Ci C3 C3 C4 : : 3a1 3az 3az 3ay4
i dl d2 d3 (14 § » i Ci C2 C3 C4 ]
(a) (2*)(3%)(10); (b) —60; (c) 60; (d) —(2*)(3*)(10); () none of these.
Let A= 0 . Which- of the following is similar to A?
9 :
2 0 1 0 2 0 3 0 :
(a) i (b) ; {c) ; (d ; (e) none of these.
0 2 00 {oo @ 00|
The vectors vy, vy and v3 form an orthonormal basis for R* where v; = (0,0, -1)T, vy = (L 75 \/_,O)T, and
= (- \/. ﬁ,0)7. The coordinates of the vector w = (1,-1,1)T with respect to the basis vectors v, v,
and v3 of R? are: (a) —1,0, \/i’ (b) 1,—2%,0; (c) 1,2 =,0; (d) -1, - \/- f, (e) none of these.





